Considering the vorticity formulation of the Euler equations, we partition the kinetic energy into its contribution from each pair of interacting vortices. We call this contribution the "interaction energy". We show that each contribution satisfies a reciprocity relation on triples of vortices: A's action on B changes the interaction energy between B and C in an equal and opposite way to the effect of C's action on B on the interaction energy between A and B. This result is a curiously detailed accounting of energy flow, as contrasted to standard pointwise conservation laws in fluid dynamics. This result holds for all triples of points A, B, C in two dimensions; and in 3 dimensions for all points A, C, and all closed vorticity streamlines B. We show this result in 3 dimensions as a consequence of an interaction energy flow around B that is a function only of the triple (A, b ∈ B, C), a result which may be of independent interest. *
I. INTRODUCTION
One of the principal challenges of understanding the global behavior of evolving fluids is that the known conservation laws for the Euler (and Navier-Stokes) equations provide only weak control over such evolution. The standard conserved quantities for the Euler equation are the three standard physics measures of momentum u dx, angular momentum x×u dx, and energy 1 2 ||u|| 2 dx, along with three more specialized quantities, the helicity u · ω dx, the fluid impulse 1 2 x × ω dx, and the moment of the fluid impulse . Of these invariants, energy is arguably the most important for the field of PDEs, its nonnegativity being the source of many inequalities and mono-variants, which collectively are described as "energy methods" [3] [4] [5] [6] [7] [8] (and see [9] for a textbook treatment). Understanding how energy flows between different interacting modes of a fluid has also underpinned much of the study of turbulence since Kolmogorov's introduction of the "energy cascade" [10, 11] .
Here we introduce a new relation describing how energy is partitioned between different interactions in the fluid. The main result, Proposition 2, describes essentially, how for a triple of regions of the fluid A, B, C, the effect A has on the energy between B and C is exactly canceled out by the effect C has on the energy between B and A (where the energy "between" two regions of fluid will be introduced shortly). In contrast to much previous literature on conservation laws involving the whole fluid, or an advecting closed loop (in the case of conservation of circulation), our relation holds for triples of locations, and thus provides a rather more detailed accounting of the flow of energy in an evolving fluid.
The results here are phrased in terms of a fairly straightforward vorticity-based view of energy, though one that does not seem to be highlighted in the literature: the Biot-Savart law expresses velocity as a linear function of vorticity, and since energy is the 2-norm of velocity, we have that energy is a bilinear function of vorticity; the bilinear contribution to energy induced by the pair of regions A and B (of the the vorticity field) we denote as the "interaction energy" between these regions. Explicitly, we define the "interaction energy" between any two vortices to be the contribution that the pointwise product of their respective induced velocities makes to energy (see Section II for details). Intuitively, two nearby parallel vortices have a positive interaction energy, while two nearby antiparallel vortices have a negative interaction energy, and the effect is stronger when the displacement between two parallel vortices is along the axis of their vorticity as opposed to orthogonally.
This view encourages us to ask local questions: if a vortex gets advected closer to another vortex, where does this energy come from? The answer, as described above, is a local reciprocity relation: if A acts on B to increase the interaction energy between B and C, then this effect is exactly counteracted by the effect C's advection of B has on the interaction energy between A and B.
For fluids in two dimensions, this result holds when A, B, C are arbitrary points in the fluid, but in three dimensions we must restrict B to be a complete streamline of the vorticity (also known as a vortex filament). In this sense, the result loses "resolution" in three dimensions, since it does not describe the energy balance for individual points b ∈ B, but only aggregated over the entirety of a streamline B.
To shed light on this, our final result (Proposition 3) expresses the flow of the above energy discrepancy around a vortex streamline B as the spatial derivative of an energy "flux" for the triple A, b ∈ B, C that depends only on the points A, b ∈ B, C, with no dependence on the rest of the vortex streamline B.
We note that all our results are expressed in terms of points in the vorticity field, but since interaction energy is bilinear, these results (including the definition of interaction energy, and the various conservation relations) may easily be integrated over regions of space to define interaction energy relations between regions of the fluid.
For previous work on interacting triplets in fluid dynamics though in a rather different setting of Fourier modes in turbulent flow, see [12] .
A. Perspective
Many of the proposals for potential blowup solutions of the Euler and Navier-Stokes equations involve a rapid local accumulation of energy [13] [14] [15] . The results of this paper impose new conditions on local energy transfer in a fluid, where, intuitively, if two vortices approach each other and accumulate energy, this must be because a third vortex pushed them together, and this third vortex must lose energy as a result of being pushed away (or twisted) by the first two vortices. While such a characterization is hard to formalize, this intuition that blowup must be fueled by the blowup region continually ejecting vorticity comparable to what it contains, argues against a blowup configuration with constant circulation about the blowup point. We thus hope that these results might shed light on some basic structural questions of the evolution of the Euler and Navier-Stokes equations.
II. INTERACTION ENERGY
We consider the Euler equation, expressed in terms of the vorticity ω ∇ × u where u is the velocity field of the fluid. The evolution of ω is described by
where the velocity is implicitly defined from vorticity via the Biot-Savart law,
We begin by reformulating energy into an equivalent expression, expressed as a double integral over pairs of points in the vorticity of the fluid, of a quantity we term the "interaction energy" of the vorticity at those two points. Explicitly, the energy of a fluid with velocity 
We simplify this expression by expressing the innermost integral (over x) as a function of the three vectors ω(y), ω(z), and z − y (since the x-integral is invariant to translations of both y and z, it depends only on the difference z − y). Define the interaction energy to be
A straightforward computation (see Appendix A) yields the following direct formula for interaction energy:
where we use the subscripts z−y and ⊥z−y to denote projections of vectors into the components parallel to z − y and perpendicular to z − y respectively. Intuitively, two vortices have an energy interaction if they are parallel; the strength of the interaction varies inversely with the distance and proportionally to the two vorticities; and the interaction is twice as strong when the displacement is in the direction of both vorticities, as opposed to in a transverse direction.
Thus the energy of a fluid equals E = I(ω(y), ω(z), z − y) dy dz, and we have reexpressed energy in a more "microscopic" sense, revealing how interactions between vorticity at different locations comprise different components of the overall energy.
We point out, lest it be overlooked, that the interaction energy between two particular vortices may be negative (if, for example, the vortices are anti-parallel); though of course the double integral of interaction energy over all pairs of vortices equals the standard energy and is nonnegative.
III. DETAILED LOCAL CONSERVATION OF INTERACTION ENERGY

A. The 2-dimensional setting
To motivate what follows, we consider the 2-dimensional case. Since vorticity is always "out of the plane", the expression for 2d interaction energy is much simpler [16] : ||B−A|| 2 ||B−C|| . To calculate the effect this motion has on the interaction energy, we use the chain rule to see that the derivative of the log of the distance ||B − C|| is the derivative of the distance (which we just computed) times 1 ||B−C|| ; and we multiply by 1 4π ω(B)ω(C) according to the interaction energy formula to yield a change in interaction energy of
The crucial observation is that this quantity is antisymmetric with respect to swapping A and C, leading to the following result: must be 0, and thus we conclude Proposition 2.
We make two final notes. First, the notion of interaction energy extends to the Navier- [2] T. Conserved  quantities  for  the  Euler  equations, imposed). The 2d interaction energy here ignores this divergence at infinite distances.
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Appendix A: Derivation of interaction energy
We change variables in the definition of interaction energy to avoid confusion in the calculations:
Since this definition is rotationally symmetric, without loss of generality we consider c−b
to point along the axis in cylindrical coordinates, with b being at the origin and c being 1 unit along the axis, i.e. the unit vectorẑ. Since, for general vectors,
, we may simplify the numerator of Equation A1 as is 0 (as the positive-x contribution is canceled out by the negative-x contribution). Since I is symmetric with respect to swapping its first two inputs, we generalize the previous observation to see that I is 0 whenever its first two inputs are orthogonal. By the bilinearity of I, we need only make 2 additional calculations: when ω(b) = ω(c) =x, and when
In the first case, we have I(x,x,ẑ) = 1 32π 2
, where it is easy to verify (e.g., by integrating in Mathematica in cylindrical coordinates) that the (a 2 z − z) term in the numerator integrates to 0 and it is the a y term that contributes 1 16π .
In the second case we have I(ẑ,ẑ,ẑ) = 1 32π 2 ||a|| 2 −az−a 2 z +az ||a|| 3 ||a−ẑ|| 3 da = 1 32π 2 a 2
x +a 2 y ||a|| 3 ||a−ẑ|| 3 da = 1 8π , which follows from the previous result, as the integral is symmetric with respect to swapping x and y coordinates.
Thus, by the rotational symmetry and bilinearity of I, we conclude with a complete expression for I, taking into account the fact that I should vary inversely with its third argument, since the integral has 2 spacial terms in the numerator, 6 in the denominator, and is over 3 spacial dimensions yielding a spacial dependence of order 2 + 3 − 6 = −1:
where we use the subscripts c−b and ⊥c−b to denote projections of vectors into the components parallel to c − b and perpendicular to c − b respectively.
Appendix B: Proof of Proposition 3
Proof. We reexpress the projection operators in the definition of interaction energy in a more convenient form by explicitly computing the projection in terms of dot products: the denominator ||c − b|| is outside of the derivative, meaning that it remains for us to account for the derivative with respect to the remaining portion of the first term by other means.
Explicitly, the remaining portion of the directional derivative of the first term of interaction energy flow equals
We relate this to the contribution from the b derivative of the first term of Equation B1,
, which, after taking the dot product with the time derivative of b given by the Biot-Savart law yields 1
We claim that this equation plus its symmetric analogue exactly equals Equation B2
plus its symmetric analogue. To show this, we consider the numerators only, each of which is a 5-way product. To simplify notation, let
The claim is that, for arbitrary A, C, α, β, γ we have
where the left hand side is the sum of the numerator of Equation B2 and its symmetric analogue, and the right hand side is the corresponding term from the interaction energy and its symmetric analogue. Equation B3 is the dot product of β with a sum of 4-way products, each of which is a vector triple product multiplied by the remaining vector. Equation B3
follows from Lagrange's identity, where both sides are equal to the dot product of β with the cross product (α × γ) × (C × A).
The analysis of the second term of Equation B1 is similar, where it exactly cancels out the contributions of the second term of Definition 1. We now consider the effect of the time derivative of ω(b) from the second term of Equation B1. As before, ω(b) occurs just once in this term, in the numerator, leading to a contribution of
||a−b|| 3 . As above, this exactly cancels out the directional derivative with respect to b in direction ω(b) of some of the occurrences of b in the second term of Definition 1. What remains is:
This expression essentially consists of a Jacobian (the entire ∇ b term) multiplied on the left and right by vectors. What remains to show is that this expression plus its symmetric analogue equals the contribution from the b derivative and the second term of Definition B1.
If we consider the b derivative applied to all of the second term except the dot product with ω(b), we have
This expression is seen to be identical to that in Equation B4 except with the Jacobian matrix multiplied on opposite sides by the two vectors. To conclude, we calculate the Jacobian multiplied on the left by some vector y (a directional derivative in direction y),
Our task is to show that this expression, when substituting ω(b) for y and taking a dot product with the Biot-Savart vector ω(a)×(b−a) ||a−b|| 3 , is identical to swapping which vector gets substituted versus multiplied. Immediately, we see that the first term in the numerator of Equation B5 is in the direction y, so when we take the dot product with a vector z, swapping the roles of y and z will not change it. The third term has y appearing in a dot product with (b − c), while the overall term points in the direction (b − c), whose dot product is taken with z, and thus similarly, swapping the roles of y and z leaves the third term identical. What remains is the second term in the numerator (y ·ω(c))(b−c)·z. When 
